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Abstract

This paper investigates the time variation in the Captial Asset Pricing Model
(CAPM) betas by introducing a new approach that models panel regressions with
endogenous regime-switching using a latent autoregressive factor. For our estimation,
we model the CAPM using portfolio returns sorted on book-to-market ratio, where
the factor loadings, the pricing errors, and the volatility of the error terms can vary
across high and low volatility states of the market. We find that the behavior of this
asset pricing model significantly differs across different volatility regimes and its per-
formance improves significantly, especially when it is evaluated during the times where

the market is in the low volatility regime.
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1 Introduction

The Capital Asset Pricing Model (CAPM) introduced by Sharpe (1964) and Lintner (1965)
is among the first and most important benchmark models in the asset pricing literature
where it considers the market return as the sole factor to explain the variations observed
in the stock excess returns. However, numerous papers, including Fama and French (1992),
have evaluated the performance of the CAPM with constant factor loadings and found that
the estimated betas do not explain the variation observed in the average returns across
different portfolios. After this point, many researchers have tried to propose an asset-pricing
model that employs multiple factors to explain the excess stock returns, given in the form
of Rfy = a; + ZZ;V Bnifni + €it, Where R{, is the excess return and fni’s are the risk
factors. The number of different factors proposed is quite overwhelming. Harvey, Liu, and
Zhu (2015) documented 316 significant factors pricing the cross-section of stock returns
identified by the literature, with the majority being in the last 15 years. The main objective
of introducing new factors is to construct a model that could explain the observed cross-
sectional variations in the stock returns more than what is already established. However,
the abnormal cross-sectional returns were still found to be persistent since the pricing errors
seem to remain significant in all the models proposed so far. A possible explanation for the
failure of the original CAPM and other asset-pricing models is the dramatic intertemporal
variation in the stock prices, which we believe is the main reason that these traditional models
cannot perform well. The main issue in these models is one of their principal assumptions
which states the volatility level in the market and betas are both constant over time. This
inspires the idea that there is more than a single regime existing in the market. Given
this hypothesis, there is literature that follows this logic and studies the models with time-
varying betas. Broadly speaking, there are two types of approaches to implement the time
variation of factor loadings to the model specification. One way to do so is to consider
continuous changes in the betas. For instance, Jagannathan and Wang (1996) evaluate the
performance of conditional CAPM where it assumes that the CAPM holds in a conditional
sense and the betas and the market risk premium can vary over time. Among this type
of papers, some use instrumental variables to proxy time-variation observed in the factor
loading and market risk premium and to identify the covariance between them (e.g. Lettau
and Ludvigson (2002); Petkova and Zhang (2005)). In another group of articles, there has
been an effort to apply the mentioned hypothesis to expand the multi-factor models with
multiple regimes, each of which is associated with a different distribution of asset returns
(e.g. Tu (2010); Abdymomunov and Morley (2011); Chen and Kawaguchi (2018)). To put

it another way, the regime-switching models proposed by these articles create a setting that



assumes that the stock excess returns are drawn from different distributions, with a well-
defined stochastic process determining the likelihood that each return is drawn from a given
distribution. However, they simply apply an exogenous Markov-switching model, which was
introduced by Hamilton (1989), where the process of determining the regimes is completely
independent of all other features of the model.

In another approach, to test the hypothesis that the time variation in the betas is discrete
(having multiple regimes in the model), this paper proposes a new approach to model panel
regressions with endogenous regime-switching using an autoregressive latent factor that was
first introduced by Chang, Choi, and Park (2017). Under our specification, the state of the
market—high volatility or low volatility state—is determined by whether a latent regime factor,
that is extracted from the observed time series, takes a value above or below a threshold
level. The innovation of the latent factor is assumed to be correlated with the previous stock
return shock and as a result, the shock to the stock returns will affect the stock market
regime-switching in the following period. There are a couple of advantages of using this
regime switching model. First, the ability of our model to extract the latent factor enables
us to efficiently get more information on the regime-switching from the observed stock return
data and look for the key determinant of the state of the market. Second, our model implies
that the future state of the market is determined by not only the current state but also the
realized values of the stock return, which is what one may normally expect.

Our empirical findings, consistent with the discussion made in section 4, demonstrates
that the time-varying betas can help explaining the portfolio returns much better than the
original CAPM, especially when market volatility level is relatively low. The results reported
by previous articles, obtain from applying the regime-switching specification to an asset
pricing model, commonly provided contrary evidence to the theoretical positive relationship
between risk and return. To justify the anomalies observed to the contrary of this theory,
these articles have discussed that even though the investors may react to the information
about the true volatility regimes, it is more reasonable to assume that there is a time delay
in the process of digesting the news and information about the current volatility level of
the market. However, before we could make such a judgment, we think there should be a
distinction between the aggregate uncertainty level in the market and the relative uncertainty
observed in each portfolio with respect to the market which will be discussed in section 4.
It is demonstrated that the positive relationship between risk and return still holds with
respect to the relative risk observed in the portfolios, but only when the market is in the low
volatility regime.

The model introduced in this paper can be applied to any multi-factor asset pricing model

given in the form of Rf, = a;+y ) Buifniteir. Toshow how our model works, we consider



the CAPM that measures the systematic risk of a security relative to the overall market. The
overall market excess return, which is among the most promising factors expressed in the
literature, is the only risk factor used in this model. We expect the model to correctly identify
the price of risk when the market is in the low volatility regime. Our model specification
may simply be extended by adding an additional latent factor to consider the possibility
that the pricing errors can follow a separate state process. Additionally, this endogenous
regime-switching specification can be further extended to a version that considers more than

two volatility regimes to evaluate the performance of any asset pricing model.

2 Model

In this section, we introduce a panel regression model with endogenous regime switching and
describe how it can simplify to a model based on the conventional regime switching.

The model for a panel (y;;) is specified as

Yir = ai(se) + Bi(s) @ + €a(se) (1)

fort =1,...,T and i = 1,..., N, where () is a vector of covariates and £;(s;) represents the

regime dependent error term, which is further specified as
€it(st) = mi(Se)ur + oiei, (2)

where in turn (u;) and (e;;) are normal random variables with zero mean and unit variance,
independent from each other, and also both serially and cross-sectionally. The specification in
(2) implies that the error term in our panel regression a factor structure with a single common
factor u; whose loadings ;(s;) are regime dependent. Only the common factor component
has regime dependence, and all the idiosyncratic components are set to be independent of
regimes. The coefficients «;(s;) and f;(s;) in (1) are also set to be dependent upon regimes
determined by the common state variable (s;). In our model, the state variable (s;) is defined
by

s = Hwy > 7} (3)

where 7 is an unknown threshold, 1{-} is the indicator function, and (w;) is a latent autore-
gressive factor generated as
Wy = Awt,l + vy (4)

with |[A| < 1 and i.i.d. standard normal innovations (v;). Therefore, we have two regimes,

denoted as 1 and 0 respectively according to the value of (s;), depending upon whether the



latent factor (w;) takes a value above or below the threshold 7. Chang, Choi, and Park
(2017) show that the transition given by (3) and (4) have a one-to-one correspondence with
those of the general two-state Markov transitions: we can find a pair of A and 7 so that (3)
and (4) yield the same transition for any two-state Markov transition, as well as the choice
of a pair of A and 7 in (3) and (4) uniquely determine a two-state Markov transition.

The reformulation of a two-sate Markov transition as in (3) and (4) has some clear
advantages. First, by introducing a latent factor, we may extract information on the strength
of regimes, as well as regimes themselves. Secondly, and more importantly, our formulation
makes it possible to allow for endogeneity in the regime switching. In fact, we introduce
correlation between the common factor of the error term (u;) and (v;) in (2) and (4), and in

particular let

p = E(uvy1) (5)

and allow p # 0. For nonzero p, the regime determined by the value of the latent factor
weyq at time ¢ 4 1 is affected by the realization of €;(s;) at time ¢ (which itself depend on
the realization of the regime at time ¢), implying the presence of a feedback effect of the
common factor of the error term (u;) on the regime. As in the conventional regime switching
model, we assume that (u;) and (v;) are all jointly normal, and that they have zero mean
and, for identification, unit variance. With this specification, if p < 0, the lagged common
factor of the innovation u; of the time series y; at time ¢ becomes negatively correlated with
the innovation v,,; of the latent autoregressive factor w;,; at time ¢ + 1. This implies that
a negative shock to y; in the current period will cause an increase to the volatility level in
the next period. The opposite is true when p > 0.

Under our specification in (1), (2) and (5), we can decompose (u;) as

up = pugr + /1 — p*ny (6)

with |p| < 1, and (7;) is an i.i.d. standard normal random variable being independent of (v;)

at all leads and lags. With (1) and (6) taken together, our model may be rewritten as

Vit = ai(8t) + Bi(se) @ + pmi(se)veer + V1 — p?mi(se)ne + oiea, (7)

which is a general panel regression with regime switching, where we allow for both fixed and
random effects, as well as heterogeneity. clearly, our model specified by (1), (2), (3), (4), (5)
and (6) may also be given by (7) with (3) and (4).

To simplify our notation, let us label the states as 1 (low volatility) or 0 (high volatility)

when state variable takes a value of 1 or 0, respectively. If we denote &; as a generic notation



for the state dependent parameters of the model, e.g. a;(s;), we may write

&i(se) = &io(1 — s¢) + &inse,

where & o and & ; are the values the state dependent parameter can get, depending on
whether we have w; < 7 or wy; > 7. For the identification of the parameters of our model,
we characterize the state of the market by its uncertainty, similar to what investors tend
to do. We assume that m; o > m;; for all ¢, which simply means that the level of uncer-
tainty is relatively higher in the high volatility state than the low volatility state (note that
Var(eq(st)) = 72(ss) + 02). If A =1, the latent factor (w;) becomes a random walk and we
further have to face the issue of joint identification for the initial value wy of (w;) and the
threshold level 7. In this case, the latent autoregressive process becomes w; = w;_1 + Zle Uy
for all t. We set wg = 0 since any transformation of the form wqg to wg + ¢ for any constant
¢ will result in the transformation of w; to wy; + ¢ and 7 to 7 + ¢, and will not affect state
process (s;) defined in (3). However, in the case of |A\| < 1, the identification problem of the

initial value wqy of (w;) does not arise and if we let

1
wo =q N (07 1_—)\2) :

the latent factor (w;) becomes a strictly stationary process. Therefore, one may easily see
that the autoregressive parameter A determines the level of persistency observed in the regime
changes. In particular, if the regime changes in the market is highly persistent in a specific
time period, the autoregressive parameter will be close to 1 for that period.

If we let p = 0, the state process defined in (3) reduces to conventional Markov switching
process where the innovation &;(s;) of the time series y; becomes independent of the innova-
tion vy, of the latent autoregressive factor w;y 1. To see how this works, we assume p = 0
for the rest of this section. It follows that the transition probabilities will depend on the

latent factor autoregressive coefficient A\ and the threshold level 7. We may easily see that
P{s; = 0lwy_1} = P{w; < T|wi_1} = @ (7 — Awy_q) (8)

P{s; = 1lwy_1} =P{wy > 1lwy_1} =1 — P (7 — Awy_1) . (9)

If we let |A| < 1, it follows that the transition probabilities of the state process (s;) from the
low volatility state to the low volatility state and from the high volatility state to the high



volatility state is given by

/Tm@ <r - L) o(z)dx

N T
Ploe = Olse =0} = D12

(10)

/::WCD (T . \/ﬁ—fiy) o(z)dx
1 —®(ry/1—)2) '

Let us define the conditional transition density p(si|s;—1) as

P{s; =1|s;_1 =1} =1— (11)

p(sglsi—1) = (1 — sp)w + s¢(1 — w) (12)

where w = w(s;_1) is the transition probability of (s;) to the low volatility state conditional

on the previous state and the past values of the observed times series and is given by

TV1-)\2 0o
_ Az
[(1 St_l)/ —i—st_l/T 1)\2] o (T m) o(x)dx

—0o0

(1= 5-1)P(TV1I—=A2) + 5,1 [1 — O(7vV1 = \2)]

w(si-1) =

On the other hand, if we let A = 1, the state process (s;) defined in (3) becomes nonstationary
and its transition evolves with time t. For ¢ = 1, the transitions are given by P{s; = 0|sg =
0} = &(7) where P{s;_y = 0} = 1if 7 > 0, and P{s; = 1|sgp = 1} = 1 — ®(7) where
P{s; .y =1} = 1if 7 < 0. For t > 2, we define the transition probabilities explicitly as

functions of time as

BN =
/ D (1 —avt—1) p(x)dx

P{s; = 0|s;_; = 0} = +==2 & (V=) (13)

/OO P (1 —avit—1)p(z)dx

_ g JrvET
P{s; =1|s;_1 =1} =1 10 (V=) : (14)

3 Estimation

Our model can be estimated by the maximum likelihood method. For the maximum likeli-

hood estimation of our model based on the sample (y;;) for i =1,...., N and t = 1,..., T, we



let v, = (Y1, .-, yne) and
Fo=o (i)

which is the information given by w1,...,y; for t = 1,...,T. The log-likelihood function is
then given by

T
U(yr, oy yr) =logp(yr) + Y log p(yel Fi1)

t=2
where p(+) and p(-|-) denote the density and conditional density functions, respectively. The
objective is to maximize the log-likelihood function over a matrix of unknown parameters
0 € O, which includes, for example, the coefficients of the model such as «;, the latent

autoregressive factor coefficient A, etc. Then, the maximum likelihood estimator 0 of 0 is

given by

0 = argmax ((y,, ..., yr)
9co

where 6 consists of the set of state dependent coefficients (ayo, ;1) and (551, 551), the volatil-
ity parameters (m,m;1) and o;, as well as the correlation coefficient p, the autoregressive
coefficient of the latent factor A\, and the threshold level 7.

As in the conventional regime switching model, the log-likelihood function can be ob-
tained in two stages: prediction and updating steps. In what follows, we let £,(s;) denote

(e1(8¢), ..., ent(st))’, analogous to the definition of (y;).

Prediction The prediction step is defined as

P(ye| Fe1) = Zp(yﬂst, Fr1)p(se| Fi-1)-

We may easily deduce that p(y:|st, Fi—1) = p(ye|st), and that

k) = ()" (vamar) oo (ddon Goni0) 0

with e;(s;) specified by

€it(8t) = Yit — Oéi(St) - ﬁ;(st)ﬂﬂt



fori=1,.., N, where

mi(se) + ot mis)ma(se) o mi(s)mn(se)
sy = ma(s¢)m1(8¢) 7'['%(815)' +02 - mo(s)m(sy) (16)
TN (so)mi(s) mn(soma(s) - wy(s) + ok
is the covariance matrix of €;(s;). Note that p(ei(s;)) =4 N(0, Q(s;)).
Moreover, we have
p(selFior) =Y p(silsio1, Foor)p(sioa| For) (17)

St—1

As in the conventional Markov switching filter, p(s;—1|F;—1) is obtained from the previous
updating step, which will be given below. Therefore, it suffices to get p(s;|s;_1, F;—1). Note
that

plwe|wi—1, Fi—1) = plwy|wi—q, ye—1) = p(wi|wi—1, €1-1(51-1))

where w;_1 is independent of &, 1(s;_1).
Let [p| < 1 and |A| < 1. It follows that

p(ves]se, e(se) =a N (pr' (s)Q 7 (s1)e(s1), 1 — p*7' (s) 0 (se)m(s1)) - (18)

where m = (7, ..., mn)". Inverse of Covariance Matrix provides some useful insights to find

the determinant and inverse of the covariance matrix €)(s;), analytically. For the sake of

simplicity of our notation, we drop (s;) from the state dependent parameters and variables.
It follows that

/T 1=A ol 7= p'Q ey B A o()do
—o0 V1= Q1 /(1= 22) (1 — p2r'Q-in)
P{St = 0|5t—1 = 0,ft_1} = <I>(Tm)

and

/°° Y p'Q e, B A () da
VI—AZ V1= Q- /(1= 22) (1 — p2r' Q1)
1-0(7vI-22)

Plsi=1lsi 1 =1F 1} =1~



with €;,_1 given by

/
Eit—1 = Yit—1 — O — @fﬁtfl

for i = 1,..,N. Similar to Chang, Choi, and Park (2017), let us define the conditional

transition density p(s;|s;_1, Fi_1) as
p(selsi—1, Fim1) = (1 — s)w, + 5:(1 —w)) (19)

where w, = w,(si—1,F—1) is the transition probability of (s;) to the low volatility state
conditional on the previous state and the past values of the observed times series. We can

easily see that

TV1-\2 0o -1
- T—pr'Q ey . A\
(L= s) /oo o /TW ® (\/1P27f’9‘1ﬂ \/(1A2)(1P2”/9‘1”)) ple)ds

(1= si-)® (TV1=22) + 501 [1 = @ (731 = N2)]

Wy =

(20)
Now, if we let A = 1, the progression of latent autoregressive factor process defined in
(4) becomes a random walk, which makes the state process defined in (3) nonstationary

and its transition evolves with time ¢. For ¢t = 1, w,(sg) = ®(7) with P{sy = 0} = 1 and

P{so =1} =1 when 7 > 0 and 7 < 0, respectively. For ¢ > 2
o (Tpﬂlﬂ_lift_lx\/ﬁ) gO(l')d.Z'

T/V/t—1 )
[(1 — S4-1) /_oo +8i-1 [’/m S
(1—s5-1)® (7/VE—1) 4+ 821 [1 = @ (7/v/T—1)]

oy — (21)
The conditional transition of y; is fully specified by (20) or (21) in case of |p| < 1. Mathe-
matical Proofs provides the steps required to obtain the above expressions.

If |p| = 1, we will have perfect endogeneity and the conditional transition of the state
process (s;) in (20) and (21) is not valid anymore. Under this condition, the current shock
g, of the model will fully describes the realization of latent factor w;,; in the next period.
We modify the transition probability w, of (s;) to the low volatility state, conditional on
the previous state and past values of the observed time series for different values of the

autoregressive coefficient A, as follows:

i) A=0

w,=Hpr'07 e,y < 71}



(i) 0<A<1

wp = (1—s;_1) min | 1,

+s;,_1max | 0,

(iii) —1<A<0

(VT 0 (5 e )
o (r/1- 2
1—@<iEEU—pWQ“&AD
1

. A
“+S;_1 min ,

1 —(I)(Tm)

w, = (1—s5;-1) max | 0,

(iv) A=1

ﬁ

(@ (e

wp = (I=sm)min | 1 == 7=

& <\/%(T — pﬂ'lQilf‘:t—l)> - (T/\/m)
1= (r/Vi-T)

+s; 1 max | 0,

Clearly, the transition density of the state process (s;) depends on the lagged values of the
observed times series and consequently, is not a Markov process. However, if we let p = 0,
the model simplifies to the standard 1st order Markov process, independent of (y;) similar

to the conventional Markov switching model.

Updating The updating step is exactly the same as that of the conventional Markov
switching model, and given by
N P(Yelse, Fio1)p(se| Fi-1)

p(se|Fe) = p(selye, Fio1) = Pl Fn) (22)

where p(y¢|st, Fi—1) is given by (15). Therefore, we can easily obtain p(s|F;) from p(s;|Fi—1)
and p(y,|F;—1) computed from the prediction step.
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Latent Factor As mentioned before, the way we defined our regime switching filter for the
state process (s;) enables us to easily extract the latent autoregressive factor (w;) through
the prediction and updating steps defined in (17) and (22). In the prediction step for the

latent factor, we may write
p(wy, se-1|Fi1) = plw|se—1, Fe1)p(Se-1]Fi-1) (23)

where p(s;_1|F;—1) is obtained from the previous updating step for the state process (s;).
In order to compute p(wy, s;_1|F;—1), we need to find the transition density of the latent
factor conditional on the previous state and the information based the lagged values of the
observed time series. The expression for this transition density is derived for different values
the autoregressive coefficient A of the latent factor process and the endogeneity parameter

p, as follows:

(i) [ <1and |p| <1

1 (e (7 - ) )
1—-0 (T\/ﬁ)
1—p*n'Q b + N2 2’ Q
)

p(wt|st—1 = 17]:t—l> =

x N (pﬂ'/Ql€t1,

) 1-p27' Qe+ A2p27/'Q 11 F_ Mwi—pr'Q ler_q)
1—p27'Q~ 17 1—p27’' Q= Lo+ X\2p27/ Q177
¢ (V1 - N?)
1 — p27T/Q_17T—|— )\2p27T/Q_17T)

p<wt|3t71 = 0,}—1&71) =

x N (pﬁ’Q_lst_l, e

(ii) [\| <land|p|=1

e D<A«

1;)\2%0 (’u}tfpﬂ'/g\)—lgt_l m)
1— @ (r/I- 2

plwelsi—1 =1, Fq) = Hw, > At + ,07T/Q_15t—1}

AT (e T3
® (V1 —A2)

Hw, < AT+ pr'Q ey 1}

p(wt|3t—1 = 07]::5—1) =
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e —1 <A<

e

-1 = 1,?_ e
Pl =) L—® (VI x)

Huwy <A+ pr'Q7 ey 0}

A (e VT R)

w S_ :07.7_ p—
S - o (r/T— )

Hw > At + pr'Q ey}

(iii) A=1and |p| <1

27011 3 g
-0 (et ()
L= (r/vt-1)
X N (pﬂ—/Q_lgt—l,t . pQﬂ_/Q—lﬂ_)

plwelsi—1 =1, Fq) =

— 027171 _ a1
© (| o (7 - e e
o (7/y/t—1)
X N (pn'0 ey, t — p*n'Q 7 )

p(welsi—1 =0, F1) =

(iv) A=1and |p| =1

1 wt—pﬂ'lﬂ_lgt71
17 ( t—1

L =1LF) =
pludscr =L Fo) = 4 =)

Hw, > 7+ pr'Q7 e 1}

p(wt|8t,1 = 07~Ft71) e

Hw, <7+ pr'Q '}

Similar to the state process (s;), the updating step for the latent autoregressive factor is
given by
P(ye|wy, st—1, Foo1)p(wy, s¢-1]| Fi—1)

Wy, Sg_1|Ft) =
pwy, si-1]F7) RO

(24)

It follows that

plw|F) = plws, si-1|F),

St—1

12



which enables us to extract the inferred factor,

E(w|F)) = /wtp(wt‘ft)dwt

for t =1,...,T, when the parameters that maximize the likelihood function are found.

4 Results

In this section, we delve into the evaluation of the Capital Asset Pricing Model (CAPM), a
widely accepted asset pricing model that has been the subject of extensive studies over the
years. Developed by Sharpe (1964) and Lintner (1965), CAPM is a benchmark model in
the academic literature that provides insights into how investors make investment decisions
based on market risk and expected return. Our goal is to improve the performance of the
CAPM by relaxing one of its main underlying assumptions that states the model coefficients
are constant. More specifically, we allow the pricing errors «;’s and the market excess
return loading f;’s to vary across market conditions under the setup described in section 2.
By allowing the 8 to vary across market conditions, we recognize that the risk associated
with a particular stock may not be constant over time, but instead may vary depending
on the prevailing market conditions. Under the traditional CAPM, § is assumed to be
a constant that does not change over time, but in reality, the 5 of a stock can change
depending on factors such as economic conditions, changes in industry dynamics, shifts in
investor sentiment, etc. By allowing the 5 to have discrete shifts across market conditions,
we can better capture these changes in risk and adjust the expected return accordingly. For
instance, one may argue that during times of economic expansion, the S of a cyclical stock
might increase as the company becomes more exposed to the ups and downs of the economy.
By adjusting the g to reflect these changing market conditions, one can more accurately
estimate the expected return of the stock and make better investment decisions.

Our study focuses on evaluating the performance of CAPM under the model specification
outlined in section 2. In doing so, the market is assumed to be in one of two regimes, each with
a different level of volatility. When the market is in a high volatility regime, the relationship
between the asset returns and the market portfolio is expected to be different than when
the market is in a low volatility regime. Under our specification, the timing of changes in f3,
which corresponds to changes in the market volatility levels, is determined directly by the
return data through our endogenous regime switching specification. This is in contrast to the
traditional approach of imposing changes in market volatility levels through an exogenous

Markov-switching process. To identify different volatility states of the market, we define a
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latent variable w; as defined in section 2. When the latent factor exceeds a certain threshold
7, the market is assumed to be in a high volatility regime (s; = 1), and when it is below
that value, the market is assumed to be in a low volatility regime (s; = 0). The use of the
endogenous regime switching specification allows us to examine the behavior of CAPM in a
more realistic setting, where changes in market volatility levels are not predetermined but
rather emerge from the data itself. By doing so, we can better understand how the model
performs in real-world scenarios and its ability to capture the dynamic nature of financial
markets. Our analysis aims to contribute to the ongoing debate on the effectiveness of CAPM
as an asset pricing model and provide insights into its limitations and potential areas for
improvement.

To estimate the regime-dependent CAPM, we consider the monthly data for excess
stock returns on value-weighted tertile and decile portfolios of all stocks listed on the New
York Stock Exchange (NYSE), AMEX and NASDAQ), sorted separately by BE/M E ratios
(BE/ME portfolios). The dataset covers the period from July 1963 to June 2022, which
corresponds to a total of 708 months. At the end of each June, stocks are allocated to three
and ten BE/ME groups (Low to High) using NYSE breakpoints. In the sort for June of
year t, B is book equity at the end of the fiscal year ending in year ¢t — 1 and M is the
market cap at the end of December of year ¢t — 1, adjusted for changes in shares outstanding
between the measurement of B and the end of December. This data is readily available and
are downloaded from Kenneth R. French’s official website.

Table I reports the estimation results for the model using ten portfolios sorted on BE/ME,
respectively. The parameters estimated for the low volatility level of the market are signif-
icantly different from the parameters estimated for the high volatility model. To be more
specific, the estimated ’s for the portfolios with highest B/M (i.e. value portfolios) are sig-
nificantly different across different states of the market. Contrary to the theoretical models
that suggest a positive relation between risk and return, we find that 5 of the value portfolio
in the low volatility regime is higher than the 3 in the high volatility regime. However, what
we have found is consistent with some of the previous studies. For instance, Lakonishok
et al. (1994) report that the ’s for portfolios with higher book-to-market ratios are higher
than f’s for portfolios with lower book-to-market ratios in good times (low volatility state).
For the portfolios with the lowest B/M, however, we observe that our results are consistent
with the positive relationship between risk and return. To further discuss the risk-return
relationship, we need to consider the distinction between the aggregate uncertainty level in
the market and the relative uncertainty observed in each portfolio (or each stock specifically)
with respect to the market uncertainly level.

Given the specification of the error term e;(s;) in (2), the overall risk of each portfolio
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is measured by the estimated values of m;(s;) and o;. It is clear that the overall risk of each
portfolio during the high volatility regime is higher than its corresponding value in the low
volatility regime. However, by comparing the overall risk of different portfolios during each
state separately, we observe that returns behave differently across different state. In relative
terms and within the same regime, the portfolios that have higher book-to-market ratios
carry a higher level of risk relative to the market and consequently, they should have betas
bigger than 1.

Figure I: 8 Estimates for High, Low Volatility Regimes, and CAPM with 95% Confidence
Bands
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On the other hand, the portfolios with lower book-to-market ratios are expected to have
betas less than 1 as they bear lower levels of risk compared to the market. As a general rule,
for a model to price the relative risk of portfolios correctly, it should provide betas that are
increasing in book-to-market ratios. Inline with this logic, the average excess returns of the
first and last portfolio from the 10 portfolios sorted on the book-to-market ratio during the
period 1963 - 2022 are given by 0.8676 and 1.2528, which corresponds to the portfolio with
the lowest and the highest book-to-market ratio, respectively. This shows that portfolios
with higher book-to-market ratio had higher average returns because of the higher level
of risk they bear and therefore, the model should consider higher betas for them. Our
estimation results show that when the market is in the low volatility regime, the realized
risk of portfolios with higher B/M are higher than the realized risk of the portfolios with
low B/M ratio. Furthermore, consistent with the theoretical frameworks for risk-return
relationship, portfolios with higher B/M have higher 3’s than the portfolios with lower
B/M. When the market is in the high volatility regime, however, we do not observe the

same behavior anymore.

16



Even though the overall realized risk of the portfolio tend to increase when the value of
the B/M becomes higher in the portfolio, the risk-return relationship no longer is captured
by the CAPM f£’s and they seem to move in the opposite direction. One may argue that
when the market is in the high volatility regime, where there is a substantial increase in
the overall risk of the portfolios, the risk associated with the increase of the B/M becomes
less relevant and the overall risk of the market only matters. Given that stocks are grouped
into portfolios based on their B/M characteristics, we would expect changes in the B/M
to be dominant determinant of the overall changes in risk of the portfolios. However, as we
will show later in our adaptive lasso estimation of the unobserved factor, there area other
factors that contribute to the changes in the overall risk of the portfolios. Our estimation
results show that when the market is in the high volatility state, the pricing errors (a’s)
becomes insignificant at %5 significance level (with the exception of the second portfolio),
which is consistent with the argument made above. Even though the market (’s are no
longer increasing with the value of B/M, yet the market factor completely explains the
cross-sectional variations in returns. However, when the market is in the low volatility
regime, all the pricing errors are highly significant even at %1 significance level.

This result leads us to conclude while the capital asset pricing model doesn’t perform
well, when it is considered unconditionally, its performance improves substantially when it
is evaluated separately in different state of the market. More specifically, while the CAPM
fails in the low volatility regime, it holds almost perfectly when the market is in the high
volatility regime. It is still worth noting that the point estimates of the pricing errors are
noticeable in the order of the total excess returns. That means the performance of the model
could further improve if we include other risk factors to more accurately explain the stock
excess return. We further discuss the possible choices for additional factors improving the
performance of the model in the next section.

To provide insights into how volatile the behavior of the market is, we need to evaluate
the level of persisitency of the state process and form expectations based on the historical
data. Given that our analysis covers a long time span of almost six decades, starting from
1963 to 2022, we can expect that the persistency of the regimes would not be close to 1. The
United States economy has experienced several periods of significant economic fluctuations,
financial crises, and uncertainty, such as the oil shocks in the 1970s, the global financial crisis
in 2008, and the COVID-19 pandemic in 2020. Such periods of high volatility in the economy
may lead to more abrupt shifts between the different market conditions and decrease the
persistency of the regimes. Moreover, it is well known that the behavior of the economy is
subject to several exogenous shocks that can significantly affect its trajectory, such as changes

in government policies, geopolitical tensions, and technological innovations. These factors
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Figure II: o Estimates for High, Low Volatility Regimes, and CAPM with 95% Confidence
Bands
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can further increase the uncertainty and volatility of the economy, and hence the persistency
of the regimes may not be very high. As discussed in section 2, the autoregressive coefficient
A of the process defined for the latent factor (w;) represents the persistency of the state
process (s;). A value of A close to 1 implies that the states are highly persistent, while a
value close to 0 indicates that the states are less persistent and can change more rapidly over
time. On the other hand, by looking at any indicators of economics uncertainty, such as
the Economic Policy Uncertainty (EPU) Index introduced by Baker et al. (2016), one can
easily see that economics uncertainty levels have often been realtively low in the US economy.
This can also be an indication that level of persistency of the regimes should be decently
far from 0. The estimated value of the autoregressive coefficient in our baseline model is
0.6137, which is reasonably consistent with what one may expect from the US economy. This
implies that the states are relatively persistent but still subject to change over time, and the
market conditions are not entirely fixed. Hence, investors need to be aware of the possibility
of sudden shifts in the market conditions and adjust their investment strategies accordingly.
Additionally, the estimated value of the autoregressive coefficient can be useful in predicting
the future behavior of the market and assessing the risks associated with different investment
strategies.

Figure I1I presents the extracted latent factors for ten portfolios sorted on BE /M E ratio.
The shaded areas represent the periods of high volatility, which consists of the recession
periods announced by the National Bureau of Economic Research (NBER), the Dot-com
bubble where most of the internet companies lost almost half of their value of the from
March to December 2000 and the bear market that started in march 2022. As stated before,
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when the value of the latent factor is above the threshold 7 (red dashed line), the market is in
the high volatility regime and it is expected to be synchronous with the periods of financial
crises or macroeconomic recession periods. When the latent factor is below the threshold 7,
the market is in the low volatility regime which is generally characterized by the behavior of
the market in normal times. The recession periods stated by the NBER are all recognized by
the extracted latent factor as periods of high stock market volatility, except the early 1990s,
the first period of early 1980s and the relatively mild 1970 recessions. Overall, it seems
that there is an alignment between periods of high macroeconomic uncertainty (recessions)
and financial instability. In contrast, the low volatility periods identified by the extracted
latent factor correspond to periods of relative stability in the market, where investors may
be less concerned about macroeconomic risks and more focused on company-specific factors.
It is worth noting that this does not necessarily mean that the market is free from risks or
that it is immune to sudden shocks. In fact, even during low volatility periods, unexpected
events such as geopolitical tensions or natural disasters can still trigger sudden changes in
the market.

L
1970 1980 1990 2000 2010 2020

Figure III: Extracted latent factor. Notes: This figure presents the sample path of the latent
factor extracted from the endogenous volatility switching model (solid blue line) and the
threshold 7 (dashed red line) along with the NBER recession periods (grey shaded area) for
3 and 5 portfolios sorted on the book-to-market ratio for the period 19642021, respectively,
on the left and right vertical axis.

19



The smoothed state probabilities of being in the low and high volatility regime for the ten
portfolios estimated from our endogenous regime switching model are displayed in the left-
and right-hand side graphs of Figure V, respectively. As described above, the shaded areas
represent the periods of high volatility. The information that can be extracted from these
graphs is inline with what was discussed before. At the times that our model predicts the
market should be in the high volatility state, the state probability of being the high volatility
is observed to be high. The opposite is observed for periods of low volatility. Furthermore,
the the periods of high volatility, which were indicated independent of the state process, are
all experiencing a high probability of being in the high volatility regime (and low probability
of being in the low volatility regime) which is consistent with the results from the extracted
latent factor.
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Figure IV: Smoothed high and low State Probabilities. Notes: This figure presents the time
series of the probabilities of being in the high and low volatility regimes (solid blue line)
along with the NBER recession periods (grey shaded area). The left panel plots the low
volatility probability series and the right panel plots the high volatility probability series
obtained from the endogenous volatility switching model

To better understand what are the main drivers of the state process (s;), we perform an
adaptive lasso regression over the extracted latent factor w;. Adaptive lasso is a statistical
technique that uses a penalty term to encourage certain coefficients to be shrunk to zero.
The idea is to automatically select the most important variables by adding a penalty term
to the loss function (the objective function that is set to be minimized) in the regression
model. The adaptive Lasso technique is especially useful when the number of predictors is
much larger than the number of observations, which is often the case in financial time series

analysis. The resulting coefficients are then used to rank the importance of each variable. In
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our case, we are interested in identifying the main factors that affect financial uncertainty,
as measured by the regimes of our endogenous switching model. To perform the adaptive
lasso regression, we use the monthly Federal Reserve Economics Data (FRED). The FRED-
MD is a macroeconomic database of 134 monthly U.S. indicators that was developed by the
FRED data desk at the Federal Reserve Bank of St. Louis to facilitate macroeconometrics
analysis. The database is a data-rich environment, meaning that it enables analysis of a
large number of variables without sacrificing information in the time series dimension. To
obtain a more comprehensive understanding of the temporal dynamics, meaning whether the
relationships between the predictors and the response variable changed over different time
periods, we divided the data into 33 rolling windows of 25 years each. We then applied the
adaptive lasso method separately to each window to obtain the regression coefficients and
the corresponding variable importance scores. By doing so, we were able to examine how
the importance of different predictors changed over time. To visualize the results, we plotted
the variable importance scores over the rolling windows in a heat map. The variable on the
horizontal axis represents the last year of the rolling window. The color of each cell in the
heat map indicates the relative importance of the corresponding predictor for the given time
period. By examining the heat map, we were able to identify the predictors that consistently
had high importance scores over time, as well as those that exhibited temporal variations in
importance. To improve the clarity of the visualization, we only plotted the variables that
appeared in at least 5 of the 33 rolling windows of length 25 years. This criterion ensured
that only the most robust variables were displayed on the heat map.

Figure V presents the heat map representing our results from the adaptive lasso over the
latent factor. The heat map shows that certain factors had a more significant impact on the
state of the market during certain periods, while their importance diminished during other
periods. At the same time, some other factors only start affecting the market dynamics in
the later periods. In a nutshell, the heat map suggests that the main factors affecting the
regimes are: 1. VIX, which is a measure of market volatility and often used as a gauge of
investor sentiment and risk appetite. 2. The spread between the 10-Year Treasury C Minus
FEDFUNDS, which is an indicator of the yield curve slope and can signal the market’s
expectation of future economic growth and inflation. 3. The spread between the 3-Month
Treasury C Minus FEDFUNDS, which is an indicator of short-term interest rate expectations
and can also signal the market’s expectation of future economic conditions. 4. FEffective
Federal Funds Rate, which is the interest rate at which depository institutions lend balances
at the Federal Reserve to other depository institutions overnight. This is a key policy tool
of the Federal Reserve and can signal the stance of monetary policy. 5. All Employees:

Wholesale Trade, which is a measure of the employment in the wholesale trade sector and
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Figure V: Smoothed high and low State Probabilities. Notes: This figure presents the time
series of the probabilities of being in the high and low volatility regimes (solid blue line)
along with the NBER recession periods (grey shaded area). The left panel plots the low
volatility probability series and the right panel plots the high volatility probability series
obtained from the endogenous volatility switching model

can indicate the level of economic activity and demand for goods. 6. New Private Housing
Permits, Midwest (SAAR), which is a measure of the number of new building permits issued
for private housing in the Midwest region and can signal the level of construction activity and
the health of the housing market. These variables are all economically meaningful and have
been studied extensively in the literature as indicators of financial uncertainty and market
volatility. Our findings suggest that a combination of market volatility, monetary policy,
economic activity, and housing market conditions are the main factors affecting financial
uncertainty and provide further support for the validity of our regime-switching model.

To incorporate the argument that CAPM neglects the importance of other explanatory
variables constructed based on the characteristics of the portfolios (stocks), we perform an
adaptive lasso regression over the common component of the error term (u;). As discussed

before, the point estimates of the pricing errors are relatively large even at the high volatility
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Figure VI: Smoothed high and low State Probabilities. Notes: This figure presents the time
series of the probabilities of being in the high and low volatility regimes (solid blue line)
along with the NBER recession periods (grey shaded area). The left panel plots the low
volatility probability series and the right panel plots the high volatility probability series
obtained from the endogenous volatility switching model

regime and this approach allows us to identify variables that are correlated with the error
term and thus can potentially improve the model’s predictive power. To identify the wu;, we
performed principal component analysis (PCA) on the error term €;(s;). PCA is a statistical
technique that can be used to reduce the dimensionality of a data set by identifying linear
combinations of variables that capture the most variation in the data. In this case, PCA is
used to identify the dominant sources of variation in the error term across all the portfolios.
Following the extraction of u;, which we refer to as the unobserved factor from here, we ran
the adaptive lasso over the 34 rolling windows of length 25 years, similar to the previous
analysis. To perform this adaptive lasso analysis, we used the 5 factors defined by Fama and
French (2012) and 207 predictors reconstructed using stock’s characteristics from Chen and
Zimmermann (2021), in addition to the monthly Federal Reserve Economics Data (FRED).
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The adaptive lasso over the unobserved factor yielded a heat map that highlights five
key predictors: HML, Operating profitability R&D adjusted, Equity Duration, SMB, and
Idiosyncratic risk. It’s worth noting that HML and Operating profitability R&D adjusted
appeared in all the rolling windows and were consistently identified as the most important
factors. It’s important to keep in mind that the unobserved factor is estimated from error
terms that comes from a model where the dependent variables are the excess return of port-
folios sorted on book-to-market ratio. Therefore, it’s not surprising that HML is identified
as a principal factor with relatively large coefficients in all the windows. Equally important
is the role of Operating profitability R&D adjusted, which is a measure of a company’s prof-
itability after accounting for research and development expenses. Equity Duration, SMB,
and Idiosyncratic risk were also identified as key factors. Equity Duration measures the
sensitivity of a stock’s returns to changes in interest rates, while SMB is a measure of the
size premium (i.e., the tendency for small companies to outperform larger ones). Finally, Id-
iosyncratic risk captures the risk that is specific to individual stocks and cannot be diversified
away.

There are possible explanations for why other factors such as Operating profitability R&D
adjusted were selected and not many others. One possible explanation is that the factor has a
strong relationship with the dependent variable (the portfolio excess returns sorted on book-
to-market ratio). For example, companies with higher operating profitability are likely to
have higher earnings, which can lead to higher returns for investors. Additionally, adjusting
for R&D expenses can account for the effects of investment in research and development on
the profitability of a company. Another reason could be that the factor has low correlation
with other factors in the model, making it a unique contributor to the variance of the
dependent variable. This would make it more likely to be selected by the adaptive lasso as
a significant factor. It’s also possible that the other factors that were not selected by the
adaptive lasso may have weak or non-existent relationships with the dependent variable, or
may be redundant with having the market excess return as the sole factor in the model,
making them less important in explaining the variation in the portfolio excess returns.

The analysis presented in this study highlights the importance of considering the dynam-
ics of the market when analyzing the performance of an asset pricing model. The results
demonstrate the significant impact of regime-switching behavior on the performance of the
CAPM. Our findings suggest that a static CAPM may not adequately capture the complex-
ities of the market, and that allowing for changes in the model parameters under different
market regimes can improve its overall performance. The methodology presented in this
study can be extended to more complex asset pricing models, providing a framework for an-

alyzing portfolio returns under different states of the market. Furthermore, our endogenous
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regime-switching model can be expanded to include more than two volatility states, allowing
for an even more nuanced evaluation of the performance of the CAPM or other asset pricing
models. As demonstrated, the overall performance of an appropriate asset pricing model
can be significantly improved by allowing the model parameters to vary between different

volatility regimes of the market.

5 Alternative Portfolio Sorts and Sensitivity To Addi-

tional Risk Factors

To assess the robustness of our endogenous regime switching model, we apply it to the CAPM
using various portfolio sorts and also to a two-factor model based on the B/M sort, as well as
to Fama and French’s three-factor model using portfolios sorted on B/M. Here, we present
the results only for portfolios sorted on momentum, as similar results were obtained for
portfolios sorted on investment, 3, and E/P. We also conduct additional tests by limiting
the time period to before 2020 (i.e., before the Covid-19 shock) or setting the start date
to more recent years (1990, 1995, 2000) under the same model specification. Our findings
show that the model’s performance remains consistent and robust across all these alternative
specifications.

In this section, we present the results of our endogenous regime model applied to portfolios
sorted on momentum, as shown in Table II. The portfolios sorted on momentum are formed
based on cumulative log returns from months ¢ — 12 through ¢ — 2 (11 months). The data for
the portfolio returns is readily available on and downloaded from Kenneth French’s website.
We find that the estimated parameters are significantly different across different states of
the market, similar to the case of portfolios sorted on B/M. Specifically, we observe that (
tends to be higher for portfolios with higher momentum, and lower for portfolios with poor
past performance. However, we find that almost all of the « coefficients become insignificant
at the 5% significance level when the market is in the high volatility regime, whereas the
opposite is true for the low volatility regime.

Figure VII, left- and right-hand side of Figure VII show the extracted latent factor,
smoothed probability of being in the low and high volatility regime respectively.

As indicated above, to further investigate the behavior of the factor loadings under differ-
ent states of the market, we added another factor, HML (High minus Low), which represents
the effect of increasing the book-to-market ratio, keeping everything else constant. The HML
is the difference between the returns of the portfolio with the highest BE/ME and the return
of the portfolio with the lowest BE/ME. The two components of HML are returns on high
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Figure VII: Extracted latent factor. Notes: This figure presents the sample path of the
latent factor extracted from the endogenous volatility switching model (solid blue line) and
the threshold 7 (dashed red line) along with the NBER recession periods (grey shaded
area) for 3 and 5 portfolios sorted on the book-to-market ratio for the period 1964-2021,
respectively, on the left and right vertical axis.

and low BE/ME portfolios with about the same weighted average size and other features.
Therefore, HML should be independent of other factors in returns, focusing on the different
return behaviors of high and low BE/ME firms.

Table IV reports the estimation results for this new specification for 3 portfolios sorted
on BE/ME. The results are consistent with the discussion made previously about the ex-
pectations one may have with respect to the behavior of the model in different volatility
regimes. The market and HML factor coefficients, S and h, are both higher for the portfolios
with higher book-to-market ratios when the market is in the low volatility regime. However,
this behavior no longer can be observed when we look at the estimated parameters in the
high volatility regime.

The pricing errors are behaving similarly to the state-dependent CAPM where the a’s
in the low volatility regime are smaller than their corresponding value in the high volatility
regime (except for the first portfolio). In addition, by comparing the pricing errors in the
low volatility regime in this specification with the ones in the regime-dependent CAPM, we

can easily see that the magnitude of the pricing errors is getting smaller (except for the first
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portfolio).

6 Conclusion

In this article, we proposed a new approach to model a panel regression with regime-switching
using a latent autoregressive factor. In this setup, we test the performance of the Capital
Asset Pricing Model (CAPM) where we allow for discrete time-variations in the CAPM betas
for portfolios that are sorted by the book-to-market ratios based on a two-state endogenous
regime-switching process determined by the uncertainty observed in the stock market return
behaviors. Our method has a couple of advantages by using an endogenous regime-switching
setup rather than a Markov-switching process. We found that the behavior of this asset
pricing model significantly differs across different volatility regimes and returns behave more
closely to the rules of the proposed models. Even though the regime-dependent version
of the CAPM can still be rejected, it provides strong evidence on how important it is to
consider the occasional shifts observed in the market return when we want to evaluate the
performance of an asset pricing model. In addition, based on the information that we can
extract from the latent factor, there seems to be a correlation between the periods of high
volatility and economic recessions such that the latter is a subset of the former, according

to our empirical findings.
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A Inverse of Covariance Matrix

We may find the determinant and inverse of covariance matrix Q(s;) of ;(s;) analytically,

which would be very useful in computing the likelihood function. Define
Y = diag (0, ..., 0%)
and write
Qs;) = S+ w(s)m(se) = SY2(I + 727 (s)m(se) V282 (25)
where €(s;) is defined in (16).

Let 7(s;) = ¥7'/?7(s,), and note that

I+ Z_I/QW(st)ﬂ(st)'E_l/Q =1+ 7(s))7(s¢)
= I+ ||7(s0)|* Pr(s)
=(1+ ||T(St)||2)PT(3t) + (I - PT(St))7

where Pr(s,) = 7(s¢:)7(s¢)'/||7(s¢)||* is the orthogonal projection on the span of 7(s;), from

which it follows immediately that

1 |7 (s0)]]?

[+ 57 (s )m(se)/ SV = —— Py + (I = Pry) = I — 7(st):
( M) = T e B Ol

Therefore, we may deduce from (25) and (26) that

i 1
0! — 127 MP w2 oyl y-1 -1
o0 =57 (1= TP TGS ine s ")
(27)
Moreover, we have
det Q(s;) = (det X)(1 + 7(s:)' S 7(s1)) (28)

due to (25).

Finally, we may also easily derive that

1+ (1= p?)m(s) S (sy)

L= (s @ (s () = —— s

and




from (27).
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B Mathematical Proofs

We provide a brief proof for some of the expressions presented in the main part of the paper.

e Equation (8):
According to how we defined the latent factor in (4) and the assumption of normality

for the error term, it follows that

P{w; < Twi_1} = P{ w1 + v < 7|wi_1}
= ]P){Ut <T-—= )\wt_1|wt_1}
=0 (T — )\wt,l) ]

e Equation (10)&(11):

From (8), we may easily write

P{s; = O0lwi_1 V1 - N =z} =@ (7’ - \/1)\—137)\2) :

It follows that
]P){St = 0|St,1 = O} = ]P){St = O‘wt,1 < T}
=P{s; = Olw;_1V1 — A2 < 71 — A2}
e
/ P{s; = Olwi—1V1 — X2 = z}p(z)dz
- P{w;_1vV1 — N2 < 7v/1— A2}
VISA? o
/OO ) (7’ - e )\2) o(x)dx
d(Tv/1 = \2) ’

since w;_1v1 — A2 =4 N(0,1). Similarly, we have

AT
Ps:lw_\/l—)\sz =1—7 -,
toe = Ll J (T m)
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from which it follows that
P{St = 1|St71 = 1} = P{St = 1|wt,1 Z T}
= ]P){St = 1|wt,1v 1— )2 Z TV 1-— )\2}
/ P{s; = llwy_1V1 = X2 =z}p(z)dz
_ Jrvice
P{w;_1vV1 — X2 > 71— A2}

_ /ij [1 - ¢ (T B \/{\—ffvﬂ o(x)dr
- 1—®(rv/1 - )2) ;

The proof for the case of A = 1 in equations (13) and (14) is very similar to what we
have done here, except that we have w;_;/v/t —1 =4 N(0,1) for ¢ > 2 in this case
instead of w;—1v1 — A2 =4 N(0,1) when |A| < 1. O

Equation (15):
For any normal random vector X = (Xj, ..., X;) with mean p and covariance matrix

3], the probability density function can be written as

e (Ao =S e — )
o) oS

In our panel regression model, we have

Y = ase) + B(se)xe + o(se)u

where
01 0 0
651 Bi
0 09
a: 7/8: E 70-: .
N . : : :
N B 0 0 - oy

We may easily see

E(yils:) = a(se) + B8'(s1)xe
Var(ys;) = E(et(st)st(st)']st> = Q(sy)

since E(at(st)\st) = Oy. If we apply the above density function to this regression
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model, we easily derive (15).

Equation (18):

We may rewrite (6) as

It follows that

<Ut+1 > | —. N <0N+17 < 1 PW/(St))> .
er(st) s pr(se)  Qst)

Generally, if we partition a normal random vector X =, (u, X)) as

X,
X = ,

where X; and X5 are ni- and ny-dimensional, respectively, we may write

I Y Yo
p= , L= :
2 Yo1 Yoo
Then, the conditional distribution of X; given X5 is given by

p(X1|X2) =d N(,um, E11.2)

where MH12 = U1 -+ 21222_21()(2 - /LQ) and 211.2 = 211 - 21222_21221. If we apply the

above formula to the times series and latent factor innovations, we may easily get

p(velsi—1,61-1) =a N (pﬂ’Q’lgt,l, 1— pQW'Q’lﬁ) . O

Equation (20):

Note that for the identification of our model in the case of |A| < 1, we assumed that

wi—1 =q¢ N(0,1/(1 — X?)). Let us define

wy — pr' ey AWy

- \/1 _ p27T/Q_17T \/1 _ pQW'Q_lﬂ'

Zt
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Based on what we had in (18), we can derive that
p(ze|wi—1, Fi1) =4 N(0,1).

It follows that

_T= p' Qe A\w;_q
V1= Qi /1= p2r'Q-in

Wi—1, ft—l}
Y p'Q e,y A\w;_q
V1= Qi /1= p2r'Q-ir

Note that the latent factor at time ¢ only depends on its lagged value of w;_; and the

P{wt < 7‘|wt_1,,7:t_1} =P {Zt

error term v; which is correlated with u;_; and independent of w;_;. This means that

pwi|wi—1, Fr—1) = p(w|w_1,€,-1) and we may deduce that

P{s; =0[s;—1 =0,F_1} =P{w; < 7|wemy < 7, Fi—1}
= ]P’{'U)t < T|wt_1\/ 1-)X< ™1 — )\Z,E_l}

TVI=A® T—pr'Q7 e Py
o - o(x)dx
—o0 V1I=prQ-ln /(1= X)) (1 - p2r'Q-1n)
o(Tv1-22)

Similarly, we have

P{s; =0|s—1 =1, F1} =P{w, < 7|we_y > 7, F1}
:P{U}t <T’wt71\/1_)\2 > TV 1_)\27371}

00 _ /Qfl B
/ i E-1 Az o) da
Jrviexe V1=p27Q /(1= 22) (1 — p2r'Q-1rr)
o 1-0(7V1-22)

By combining the above equations we may easily derive (20). The proof for the case

of A =1 in equation (21) is very similar to what we have done here, except that we
have w;_1/+/t —1 =4 N(0,1) for ¢ > 2 in this case instead of w;_1v1 — A2 =; N(0, 1)
when || < 1. O

e w,of (s;) when 0 <A <1and |p|=1:
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Note that

P{w; < Tlwe—1, Fio1} = P{ w1 + v < T|wgq, Fra}
=P {)\’U)tfl + pﬂ'/Q*lgt,l < T\wt,l, 5t71}
=1{ w1 +pr’Q7 ey < 7}

Consequently, we may write

P{St = 0|8t_1 = 0,]:13_1} — P{wt < T|wt—1 <T, ]:t—l}
=P { w1+ pr' Q7 ey < Tlwiy < T, Fia}

V1=

b\ (1= pr' Qe )

= P{wtl 1— A2 <

X wt_lx/l — A< T\/l — /\2,ft_1}

1, if (7 —pr'Q e y) > 7,
= q>(\/1;>\2 (T—pﬂlﬂilatfl)) ]
ST , otherwise.

Similarly, we have

P{s; =0[s;-1 =1, F1} =P{w, < 7|lwe—y > 7, F_1}

=P {)\wt,l + leQ*lSt 1 < T‘wtfl > T, ‘thl}
= P{wt WV1=X2 < ( - pﬂ',Q_lgt—l)‘
X W1V 1— A2 >7v1— )\2,./—';5_1}

i) (—V 1;)‘2 (1 — pW’Q_let,l)) — ®(1v/1 = \2)
B 1—®(rv/1 = N2

1

x 1 {X(T —pr' Qe 1) > T}

When —1 < X < 0, with a similar approach, we may easily see that

0, if $(7—pr'Q e ) >,
P {St - 0|5t71 == 07 E*l} = @(T\/m)ffl)(\/l;/@ (T*pﬂ'lelé‘t—l)>
VI , otherwise.
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and

. if 17 — pr' Q7)< 7,
P{St = 0|St_1 = 173—1} = lfé(@(T*Pﬂ/Qflst—l))
1—a(rv/1-2?) , otherwise.

The proof for the case of A = 0 is trivial and the proof for the case of A = 1 is very
similar to what we did for 0 < A < 1, except that we have w;_;/v/t — 1 =4 N(0, 1) for
t > 2 in this case instead of w;_1v/1 — A2 =4 N(0, 1) when |\ < 1. O

w, of (wy) when |\ <1 and |p| < 1:

Based on how we define our latent autoregressive process, we may easily see that
wt]wt,l, Et—1 —d N()\wt,1 + pﬂ'lgilé“t,l, 1— p27T/9717T).

It follows that

2
1 (wt — \wy_q — pW’Q_lst_1>

1
pledwcrec) = o == P | T2 T i e

Note that for the conditional transition density of the latent factor, we have

plwlsi—1 =1, F—1) = p(welsi—1 = L, y—1, ., Y1)
= p(wi|wi—1 > 7,61-1)
_ froop(wt7wt—17€t—l)dwt_1
B f:op(wt—17€t—1)dwt—1
_ f:o Plw|wi—1, 1) p(wi—1, €4-1)dw_q
N fTOO p(wi—1)p(es—1)dw;
_ froo plwi|w 1, e01)p(wp—1)dwy
N f:op(wt—l)dwt—l

With a similar approach, we may derive

fjoo p(wt |wt717 Etfl)p<wt71)dwt,1

fzoop(wtfﬁdwtfl

p(wt|8t71 = 07-7'-1%1) =
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Since w; =4 wy_1 =4 N(0,1/(1 — A\?)), it follows that

VIR
Vo

With a simple multiplication, we may get

Vi
2/ 1 — p?7'Q~1n

p(wi—1) =

p(wt|wt—17 5t—1)p(wt—1) =

1
exp (—§w§_1(1 — /\2)) :

2
1 — Mg — pr'Q e, 1
X exp | —= d i - pﬂ_l i B —w? (1= \?)
2 V1= p?2r’Q-n 2
! RE _
Let us simplify C' as follow
2
o y — pr'Q e, AN2w? B 2wy — pr' Q7 ey 1wy L2 (1= )
B V1= pPr' Q- 1—p2n’Q- 1z 1—p2n'Q- 1 t=1
2
_ —pr'Q7 ey N (1 - p*7'Q7 1 + N2’ Q1 mw? 2\ (wy — o' Q7 ey 1wy
/1o P2r'Q- 1 1—p?n’Q-1n 1—p?n'Q- 1
_ 1— p?2n'Q-lm + )\2p27T’Q*17rw o Mwy — pr'Q7 ey )
1— p21'Q- = VA = 2P0 (1 — 2w + X2 )
2
N — pr'Q ey B N (wy — pr'Q ey 1)?
P 200~ 17T (1 _ ,027T’Q_17T)(1 _ ,027T’Q_17T + )\2,027'(’9_171')
1—p 7T/Q Ir + X2p20' Q-1 AMwy — pr'Q7 e )
w _ —
— p?'Q- = \/(1 — p2'Q 1) (1 — P2’ Q—lm 4+ A2p2'Q-1rr)
( — 2N (w; — pr'7 ey )?
1

p27T/Q 17r+)\2p Q- 1r
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By substituting the expression we got for C', we can get

_ V1= )\
p(wt|wt—1a5t—l)p(wt—l) - 27“/%

1 1 — p?n'Q~ 1 + N2 p2n'Q -t AMwy — pr'Q e )
X exp | —= Wy —
2 1—p2r’Q-1n (1 = p2n'Q~ 1 + N2p27'Q 1)

2

(.

K
r 2
rO—1
1 wy — pr' Qe
X exp | —=

2 \/1—p27r’Q—17r+)\2p27r/Q—17r

L 1-\2
S

We may write

T AR R
plw|wi—1, w—1)p(wi—q) = m\/m
) NiE=e
Va1 = P Tn £ NpRn i

=K x3S.

Note that

S=N <p7r’Q_15t1,

1— Q7 + N2’ Qi
1— A2 '

It follows that

[T K x Sdw,4
B fTOOp(wt—l)dwt—1
T Rdwe,
B f.,-oop(wt—l)dwt—l
1— f_Too Kdw;_q _
B fToop(wt—1>dwt—1
o (R (- et
B 1—®(rv/1—N?)
1 — p2n'Q 7t + N2p?n' Qi
),

plwelsi—1 =1, Fi—1)

x N (pW’Q_lst_l,
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Similarly, we may derive

d 1-p27/' Q- 174+ 020270/ Q 17 S Mwi—pr’Q ey 1)
1-p27'Q~1n (1=p? 7' Q= 1r4+X2p27'Q~11r)

p(wt‘stfl = Oaftfl) =

O(7v/1— A2)
1— p27T/Q_17T + )\2p27T/Q_17T)

x N (pW’Q_lst_l, Y

e w, of (w;) when A =1 and |p| < 1:

Based on how we define our latent autoregressive process, we may easily see that
wylwy_1,6i-1 =4 N(wy_y + pr'Q e, 1 — p*a’ Q7 ).

It follows that

2
- 1 1 (wy —wiy — pr'Q ey
p(wt|wt71, €t71) - \/ﬁ 1 — pzﬂ',Q_l’ﬂ' eXp _5 \/m

Note that for the conditional transition density of the latent factor, we have

plwy|se—y = 1, Fi1) = p(we|si—1 = L, Y1, .., 1)
= p(wy|wi—1 > 7,6-1)
_ I plwy, wi—y, €1 )dwy—y
a f.,-oop<wt7175t71)dwt71
_ fTOO p(wt|wt—17 5t—1)p(wt_1, €t_1)dwt_1
N f:o p(wi—1)p(er—1)dwi
_ I p(wilwi—1, 1-1)p(w—1 ) dw,
- f:op(wt—l)dwt—l

With a similar approach, we may derive

fjoo P(wt|wt—1, 5t—1)p(wt—1)dwt—1
fjoo p(wi—1)dw,

p(wtlst—l = 07]:15—1) =

Since wy—1 =4 N(0,¢ — 1), it follows that

plu) = = e (‘%) |
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With a simple multiplication, we may get

1

p(wt|wt717 5t71)p(wt71) =

1(
X exp —5

21y/1 — P2/ Q- v/t — 1

Let us simply C' as follow

2
wy — wy—y — pr' ey wy
V1= pPn'Q-in 2(t - 1)
—%C

2
o p'Q ey w? 2w — pr' Qe Dwy  wi
V1—p2rQ-in 1—p?r’Q-1n 1—p2n'Q-1n t—1

r0O—1
— pr' Q7 e )we

V1= p?r'Q-

2
[ we—pr' Qe (t — p?7'Q 7 Im)w? | 2(wy
(t—1)(1— p?n’Q—1m)

1—p?n’Q- 1

B t— p?n'Q - B t—1
B (t—1)(1— p27T’Q—17r)wt_1 (1= p?n'Q~1

)(t — p?r'Q~ 1)

t—1

2
wt - pﬂ'/Q_lé‘tfl , _1 2
_ o
*(¢1_p—9> = earm e )

i

B t— p?n'Q
“\WWe—-na - ot

(wy — p'Q e, )2
t— p?*n'Q

t—1

(1 = p2n'Q~1)(t — p27r’Q*17T)(

By substituting the expression we got for C', we can get

1
p(wiwy—1, 1) p(wi—1) = 21— P i 1

N

" 1 t— p?n'Q
SIS \W - - 2o

(wy — p7T/Q_1€t_1)>

wy — pW’Q_lgt_1)>

1 <wt — p’/T/Q_lgt_l
X exp |—=

2\ \/t—pr'Q-1n

)2

J/

-~

S
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We may write

Vit — p?r’Q-
pwiwi 1, &1)p(wi1) = \/%\/(1 — O ) (= 1)
1

X S
V2t — p?r' Q=

=K x28.

Note that

S=N (pﬂ'/Q_lé‘t_l,t — p27T/Q_17T) )

It follows that
foo [_( X Sd'wt,1
-1 = 17~F— = go
plwe]si— 1) fT p(wr1)dwn
— f:o det_l S
a fToop(wt—l)dwt—l
. 1— fzoo det—l _
fTOO p(wi—1)dw; 4
t—p2n’'Q 1 (t—1)(wi—pm'Q Ler_1)
o 1-2 <\/(t71)(€7p27r’9_17r) (T - t7p27l:/§2—17r : >>
B 1—®(t/vt—1)

x N (pr'Q ey, t — p*n'Q ')

Similarly, we may derive

) \/ t—p2n'Q1m F_ (t—1)(wr—pr'Q Ler—1)
(w |5 0 F ) o (t—1)(1—p2n'Q~1m) t—p2n’' Q1w
D (we|St—1 11 B(r/vI=1)
x N (pw’Q’lst,l,t — pZW'Q’lw) )

e w, of (w;) when 0 < XA <1 and |p| = 1:
We have

p(wt|8t—1 = 1,~7:t—1) = p(wt|3t—1 =191, --«,yl)

p(wt|wt—1 > T, 5t—1)

pAwi—1 + vlwi—y > T, Fi1).
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Note that

VI = Ap(we V1 =A%)

p(wi_q|wi—y > 1) = Hwiy > 71}

I — o/ %)

Lemma: Given probability density function, py(x), the probability density function,
py(y), for Y = a + X with 5 # 0 is given by

() = s (as . %) |

Since wy, = Aw;_ + pr'Q7te,_1, by choosing a = pr’Q71e,_; and 8 = A, we may derive

@w(wt—pw?*laz_lm)
1~ o(rv/I_22)
1;)\2S0(wtfpﬂ—/¥—15t,1\/1_7)\2)
(11— \2)

Similarly, if we let —1 < A < 0, then the conditional transition density of w; can be

p(wt|st_1 = ].,E_l) = ]_{U)t > AT + ,07T,Q_1€t_1}

Hw, < A\ + pr'Q ey ).

p(wt|3t—1 = O,]:t—l) =

obtained using

1-)\2

> Sp(wtfpﬂ-/i\z—lgt_l m)
=BV =)
\/?w(mt—pﬁ?_lgt,l m)
O(7v/1 = N2)
The proof for the case of A = 1 is very similar to what we have done for 0 < A <

1, except that we have w;_1/v/t—1 =4 N(0,1) for ¢ > 2 in this case instead of
wi—1V1 — A2 =3 N(0,1) when |\ < 1. O

pwilsi—1 =1, Fiq) = Hw, <A+ pr'Q7 ey}

Hw, > A\ + pr'Q ey ).

p<wt’5t71 = OaJT'-tfl) =

C Additional Figures and Tables
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Table III: Estimated parameters of the regime-dependent CAPM (3 Portfolios Sorted on

BE/ME)

Low 2 High
0.3746%%%  (0.3763%F*  ().5620%**
(0.504)  (0.4957)  (0.3671)
Low 1.0261%%€  0.958%**  ().9689%**
Volatility (0.1798)  (0.1231)  (0.1459)
(Dl 0.4622%*F* (). 5768%**
(0.8727)  (0.799)  (0.7993)
0.2272 0.5604 0.9046
(0.8453)  (0.602)  (0.9884)
High 1.0049%%%  (.838%**  1.0302%**
Volatility (0.1937)  (0.1415)  (0.2524)
(il 2.3943%¥* 3 2998k
(0.8727)  (2.0942)  (2.8033)
1.0522%K%%  (0.8375%+* 1 7862%**
(0.1836)  (0.2776)  (0.9524)

-0.6727

(0.8666)

0.9977**

(0.3554)

11.0506%**

(0.6395)
Notes: The standard errors are calculated using bootstrap

method and reported in parenthesis. Significance is com-
puted using bootstrap confidence intervals. *p<0.1; **p<0.05;
*p<0.01
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Table IV: Estimated parameters for the 2 factor model (3 Portfolios Sorted on BE/ME)

Low 2 High
0.3694%**  (.4949%*%*  1.0761
(1.5415)  (1.7451)  (0.6655)
High 1.1629%**  (0.8868***  ().7912%**
Volatility (1.0691)  (0.5067)  (0.9238)
0.0251%4%  (0.5892%F* () 427H**
(0.7879)  (0.1736)  (0.7845)
0.065 1%+ OFF% ] 8g24KH
(0.4660)  (0.3184)  (0.4151)
0.4482%**% (. 3101%F%  (.3141%%*
(0.1892)  (0.1796)  (0.1383)
Low 0.9786***  0.9877***  1.1126%**
Volatility (0.8000)  (0.7421)  (1.2156)
-0.3102%%*F  0.2363%** (.7505%**
(0.8583)  (0.2052)  (0.1775)
0.065 1%+ OFFk  (.9801%**
(0.5268)  (0.5489) (3263)
0.6696™**  0.9853%¥* (.0005%**
(0.2290)  (0.2126)  (0.5488)
-0.7450%%*
(0.5872)
0.98377*
(0.4719)
-8.8408**
(1.2369)

Notes: The standard errors are calculated using bootstrap
method and reported in parenthesis. Significance is com-
puted using bootstrap confidence intervals. *p<0.1; **p<0.05;
**p<0.01
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Figure VIII: Smoothed high and low State Probabilities. Notes: This figure presents the
time series of the probabilities of being in the high and low volatility regimes (solid blue
line) along with the NBER recession periods (grey shaded area). The left panel plots the
low volatility probability series and the right panel plots the high volatility probability series
obtained from the endogenous volatility switching model
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